n . Since the proof involves the Schmidt subspace theorem, our bounds on m and n are ineffective. We discuss how an effective version of the abc conjecture can be used to derive effective bounds on m and n.
− x
n for all natural numbers x. This problem has remained unsolved for quite a long time and is still unsolved. In 1976, some remarks by W. Vélez [14] were published in which he noted that the pairs (m, n) = (2, 1), (3, 1), (4, 2), (5, 1), (5, 3), (6, 2), (7, 3) ,
(8, 2), (8, 4) , (9, 3) , (14, 2) , (15, 3) , (16, 4) had the property that (2
for all integers x ≥ 1. To this, we can add (m, n) = (1, 0) to get a total of fourteen such pairs. In his remarks, Vélez [14] showed that if we write for k ≥ 2, A year later, in 1977, some more remarks were published [6] and attributed to "The Mod Set Stanford University" and Carl Pomerance (independently). These remarks cited an old paper of Schinzel [13] in which he proved that if k = 1, 2, 4, 6, 12, then 2 k − 1 has a prime factor p ≥ 2k + 1. In view of Vélez's theorem stated above, this implies that m − n has only five possible values in the conclusion of Ruderman's problem. Indeed, by Vélez's theorem, any prime divisor p i of k = m − n must satisfy p i − 1 divides k, so that p i ≤ k + 1. But by Schinzel's theorem, there is a prime factor which does not satisfy this inequality for k = 1, 2, 4, 6, or 12. If we let A be the set of pairs (n, k) such that 2 n (2
for all positive integers x, then these remarks show that there are only five possible values for k. Since for x = 3, we see that 2 n divides 3 k − 1, we deduce that n is also bounded. A quick calculation allows us to deduce that (1) gives all such possible pairs (apart from the trivial (1, 0)). As in [6] , if we let B be the set of pairs (n, k) for which 2 n (2
, then clearly A ⊆ B, and Ruderman's problem is to show that A = B. The authors in [6] comment that a computer search showed there is no pair (n, k) ∈ B with 13 ≤ k ≤ 1900.
The problem resurfaced again in 1981 in Guy's monograph [5] , where the question of classifying pairs (a, b) such that (2
for all positive integers x is attributed to Selfridge. In 1985, Sun and Zhang [9] published a paper answering this question, apparently unaware of the problem's history in this MONTHLY.
In spite of these remarks and results, the original question of Ruderman remains unanswered. Indeed, in the light of the theorems stated above, the following question arises: are there only finitely many pairs (m, n) such that (2
If so, are they given by (1)?
The purpose of this note is to answer the first question. We invoke a result that makes essential use of Schmidt's subspace theorem, which is ineffective. Consequently, we are unable to answer the second question. We will prove:
Theorem 1. There are only finitely many pairs
The Schmidt subspace theorem is one of the landmark theorems of the 20th century and is a sweeping generalization of Roth's theorem in the theory of Diophantine approximation. We will not discuss the subspace theorem here but refer the reader to [4] and [15] for an exposition of some remarkable applications of it. We merely record here one of these applications due to Bugeaud, Corvaja, and Zannier [3] . To this end, it is convenient to introduce the notation f (n) g(n) to mean that there is a constant C such that f (n) ≤ Cg(n). Then the result in [3] is: for any > 0,
where the implied ineffective constant depends on . Of course, a similar result is valid with 2 and 3 replaced by two coprime numbers a and b, with the implied constant depending on , a, and b (see [3] ).
In the last section, we address the question of effectivity and discuss the role of the abc conjecture in this context.
PRELIMINARIES.
The following lemma from elementary number theory is a key ingredient in our proof.
Lemma 2. Let p be an odd prime. If g is a primitive root (mod p
2 ), then g is a primitive root (mod p α ) for every α ≥ 2.
Proof. See p. 102 of [7] .
Corollary 3. 2 is a primitive root (mod 3 α ) for every α ≥ 1.
Proof. Since 2 is a primitive root (mod 9), the result follows from the lemma. Since a = 3 r and a | (2
If m − n is sufficiently large, then by Corollary 3, 2 is a primitive root (mod 3
so that m − n is bounded. Since 2 n divides (3 m−n − 1) also, we find n is bounded and consequently, m is bounded. This completes the proof.
RELATIONS TO THE abc CONJECTURE.
For notational convenience, we define the radical of n, denoted rad(n), to be the product of the distinct prime divisors of n. Now, the abc conjecture is simple to state: for any > 0, there is a constant κ( ) such that for any mutually coprime A, B, C satisfying A + B = C, we have max(|A|, |B|, |C|) ≤ κ( )(rad(ABC)) 1+ .
We refer the reader to [8] and [2] for the history and status of this conjecture. Effective versions of this conjecture have been suggested by Baker [1] , inspired by his theory of linear forms in logarithms. Namely, he conjectures that there is an effectively computable absolute constant K such that for any η > 0,
We remark that setting η = 1, (3) implies that there are only finitely many triples A, B, C with a given radical satisfying A + B = C, and these can be effectively bounded. It is also evident that if (2) is replaced by
for some δ < 1, our proof still works. However, even this weaker result seems to be beyond the reach of elementary methods (see [3] ). The substantially weaker estimate
would suffice for our purposes.
An inequality of the form (4) can be deduced from the abc conjecture. Since there are effective versions of this conjecture, this opens up the way to prove that the bound in our main theorem can be made effective modulo the abc conjecture. Below, we will prove two theorems that suggest how some "weaker results" would lead to an effective resolution of the Ruderman problem.
We first give a mild revision of (3). Proof. The upper bound in (3) can be rewritten as
where ω(N ) is the number of distinct prime factors of N . We can bound ω(N ) using Ramanujan's bound [10] : for N ≥ 3, ω(N ) < c log N log log N for some absolute constant c. According to Robin [11] , c = 1.3841 is large enough. We now choose η = log log log N log log N , and proceed to bound (5) . Since N > exp(e e ), we see that η > 0. If η ≥ 1, then η log N − ω(N )(1 + η) log η ≤ η log N and we are done. If η < 1, then
and we are done since 2c + 1 < 4.
Thus we have the following modification of (3): for any > 0, there is an effectively computable K ( ) such that if A + B = C with A, B, and C mutually coprime, then
Indeed, we need only observe that 4 log log log N log log N
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tends to zero as N tends to infinity. Hence there is an N 0 ( ) > exp(e e ) so that for N = rad(ABC) ≥ N 0 ( ), (7) is less than . Consequently, we deduce (6) with K ( ) = K if N ≥ N 0 ( ). If N < N 0 ( ), then by our earlier remark, there are only finitely many triples A, B, C with A + B = C having a given radical, and these can be effectively determined. Hence, by enlarging K to a suitable K ( ), we deduce (6).
Theorem 5.
Assuming the abc conjecture as formulated in (6), we have for any > 0,
where the implied constant depends effectively on .
We apply the abc conjecture to this equation, with A = U 3 n , B = −V 2 n , and C = U − V , noting that all the summands are mutually coprime. Applying the abc conjecture with /2 instead of , we get
After canceling a factor of U from both sides and using the fact that
Raising both sides of this inequality to the power 1/(1 + /2), we get
Thus,
We remark that a similar method can be applied to treat gcd(a n − 1, b n − 1) for a and b coprime integers. Assuming the abc conjecture, one can deduce that for a < b,
If the effective version (3) of the abc conjecture is assumed, then the m and n in Theorem 1 are effectively bounded.
One can actually deduce Theorem 1 from a weaker result. Suppose we have that for r sufficiently large, there is a prime p satisfying p | (2 r − 1) and p (3 r − 1). Then one can derive a bound for Ruderman's problem. This too seems to be out of bounds of existing knowledge. But by (2), we have that the gcd is bounded by 2 r . Since we may take any positive, we choose < 1/2 to derive a bound on r . Thus, for sufficiently large r , there is a prime p such that p|(2 r − 1) and p (3 r − 1).
If one could establish an effective version of this theorem, then the Ruderman problem could be resolved effectively. It is clear that (3) would imply an effective version of the previous theorem.
